Introduction
The stability problem of functional equations originated from a question of Ulam 1 concerning the stability of group homomorphisms: let G 1 , * be a group and let G 2 for all x, y ∈ E, where and p are constants with > 0 and p < 1. Then the limit
L x lim
exists for all x ∈ E and L : E → E is the unique additive mapping which satisfies
for all x ∈ E. If p < 0, then the inequality 1.5 holds for x, y / 0 and 1.7 for x / 0. Also, if for each x ∈ E the mapping t → f tx is continuous in t ∈ R, then L is R-linear. for all x ∈ X. If, in addition, f : X → Y is a mapping such that the transformation t → f tx is continuous in t ∈ R for each fixed x ∈ X, then L is linear.
In 1994, a generalization of Theorems 1.1 and 1.2 was obtained by Gȃvruţa 8 
We recall the following theorem by Margolis and Diaz. 
for all nonnegative integers n or there exists a nonnegative integer n 0 such that 
Throughout this paper, we assume that r, s are nonzero rational numbers with r 2 s 2 / 1, and that A is a unital Banach algebra with unit e, norm | · |, and A 1 : {a ∈ A : |a| 1}. Assume that X is a normed left A-module and Y is a unit linked Banach left A-module.
In this paper, we investigate an A-quadratic mapping associated with the generalized quadratic functional equation For convenience, we use the following abbreviation for a given a ∈ A and a mapping
for all x, y ∈ X. Hence f f e and this proves that f is quadratic. Conversely, let f be quadratic. Then there exists a unique symmetric biadditive mapping B : X × X → Y such that f x B x, x for all x ∈ X and
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for all x, y ∈ X see 9, 12 . Hence f rx sy B rx sy, rx sy
for all x, y ∈ X. Hence f satisfies 2.1 .
Corollary 2.2. Let f : X → Y be a mapping satisfying
for all x, y ∈ X and all a ∈ A 1 . If for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then f is A-quadratic.
Proof. Let a e. By Proposition 2.1, f is quadratic. Thus f is Q-quadratic. Let α ∈ R and let {r n } n be a sequence of rational numbers such that lim n → ∞ r n α. Since f is Q-quadratic and the mapping t → f tx is continuous in t ∈ R for each x ∈ X, we have
for all x ∈ X. So f is R-quadratic. Letting y 0 in 2.15 , we get
for all x ∈ X and all a ∈ A 1 . It is clear that 2.17 is also true for a 0. For each element a ∈ A a / 0 , a |a| · a/|a| . Since f is R-quadratic and f bx b 2 f x for all x ∈ X and all b ∈ A 1 , we have
for all x ∈ X and all a ∈ A a / 0 . So the R-quadratic mapping f : X → Y is also A-quadratic. This completes the proof. for all x, y ∈ X and all a ∈ A 1 . Let 0 < L < 1 be a constant such that r 2 ϕ x, y ≤ Lϕ rx, ry for all x, y ∈ X. If for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then there exists a unique
for all x ∈ X.
Proof. It follows from r 2 ϕ x, y ≤ Lϕ rx, ry that
for all x, y ∈ X. Letting y 0 in 2.19 , we get
for all x ∈ X and all a ∈ A 1 . Hence
for all x ∈ X and all a ∈ A 1 . Let E : {g : X → Y | g 0 0}. We introduce a generalized metric on E as follows:
It is easy to show that E, d is a generalized complete metric space 24 . Now we consider the mapping Λ : E → E defined by for all x ∈ X. By the assumption and the last inequality, we have 
and Q rx r 2 Q x for all x ∈ X. Also Q is the unique fixed point of Λ in the set E * {g ∈ E : d f, g < ∞} and
that is, the inequality 2.20 holds true for all x ∈ X. It follows from the definition of Q, 2.19 , and 2.21 that
for all x, y ∈ X and all a ∈ A 1 . By Proposition 2.1 by letting a e , the mapping Q is quadratic. Let L : Y → R be a continuous linear functional. For any x ∈ X, we consider the mapping ψ x : R → R defined by ψ x t : L Q tx .
2.32
Since Q is quadratic and L is linear,
Journal of Inequalities and Applications 9 for all u, v ∈ R. So ψ x is quadratic. Also ψ x is measurable since it is the pointwise limit of the sequence ψ n,x t : r 2n L f tx r n .
2.34
It follows from 48, Corollary 10.2 that ψ x t t 2 ψ x 1 for all t ∈ R. Then
for all t ∈ R. Hence Q tx t 2 Q x for all t ∈ R and all x ∈ X. By Corollary 2.2, the mapping Q is A-quadratic. for all x, y ∈ X and all a ∈ A 1 
. If for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then there exists a unique A-quadratic mapping
Proof. Letting a e and x y 0 in 2.36 , we get f 0 0. Now, the proof follows from for all x, y ∈ X. Then we can choose L |r| 2−p and we get the desired result.
Remark 2.5. Let f : X → Y be a mapping with f 0 0 for which there exists a function Φ :
for all x, y ∈ X and all a ∈ A 1 . Let 0 < L < 1 be a constant such that Φ rx, ry ≤ r 2 LΦ x, y for all x, y ∈ X. By a similar method to the proof of Theorem 2.3, one can show that if for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then there exists a unique A-quadratic
for all x ∈ X. for all x, y ∈ X and all a ∈ A 1 . If for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then f is A-quadratic. 
for all x, y ∈ X and all a ∈ A 1 . Let 0 < L < 1 be a constant such that the mapping
satisfying 4φ x ≤ Lφ 2x for all x ∈ X. If for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then there exists a unique A-quadratic mapping Q : X → Y satisfying
Proof. Since ϕ 0, 0 0, it follows from 2.19 that f 0 0 and
for all x, y ∈ X and all a ∈ A 1 . Therefore, f rax sy f rax − sy − 2f rax − 2f sy ≤ ϕ x, y ϕ x, −y 2ϕ x, 0 2ϕ 0, y
2.47
Journal of Inequalities and Applications   11 for all x, y ∈ X and all a ∈ A 1 . Letting a e and replacing x by x/r and y by y/s in 2.47 , we get
for all x, y ∈ X, where
Letting y x in 2.48 , we get
for all x ∈ X. Hence 4f
We introduce a generalized metric on E as follows:
2.52
Now we consider the mapping Λ : E → E defined by
Similar to the proof of Theorem 2.3, we deduce that the sequence {Λ n f} converges to a fixed point Q of Λ which is A-quadratic. Also Q is the unique fixed point of Λ in the set E * {g ∈ E : d f, g < ∞} and satisfies 2.45 . for all x, y ∈ X. Then we can choose L 2 2−p and we get the desired result.
Remark 2.9. Let f : X → Y be an even mapping with f 0 0 for which there exists a function Φ :
satisfying φ 2x ≤ 4Lφ x for all x ∈ X. By a similar method to the proof of Theorem 2.7, one can show that if for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then there exists a unique A-quadratic mapping Q :
for all x ∈ X. We may omit the evenness of the mapping f in Theorem 2.7. for all x, y ∈ X and all a ∈ A 1 . By Theorem 2.7, there exists a unique A-quadratic mapping Q : X → Y satisfying
for all x ∈ X. We get from 2.62 that for all x, y ∈ X. Letting y x in 2.66 , we get
for all x ∈ X. Therefore,
Corollary 2.15. Let p, q > 0 and let θ be nonnegative real numbers such that p q > 2 p q < 1 and let f : X → Y be a mapping satisfying the inequality 2.42 for all x, y ∈ X and all a ∈ A 1 . If for each x ∈ X the mapping t → f tx is continuous in t ∈ R, then f is A-quadratic.
